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ABSTRACT 
The s a l i e n t  f e a t u r e  of a nephron i t s  t i n y  s i z e ,  
s i x  t o  t e n  microns rad ius ,  s ince  the  f o r t h  power law 
lrequires a t i n y  flow r a t e  even from a l a r g e  pressure 
grad ien t .  Along c l o s e l y  folded h a i r p i n  loops,  present  
in the  nephrons of b i rds  and mammals and c a l l e d  loops of 
Henle, a s a l t  concentrat ion gr;-'y *forms i n  the  ambient 
medullary t issue.  Urine c o l l e c t s  i n  t h i s  t i s s u e  i n  duc t s ,  
e q u i l i b r a t e s  wi th  i t  osmotical ly ,  and produces a f i n a l  
product hypertonic  t o  blood. Other au tho r s  explain the 
mechanism of t h i s  loop i n  terms of an hypothesis  of 
a c t i v e  ex t rus ion  of a small amount of sodium from one 
branch of the  loop and operat ion of a countercurrent  
m u l t i p l i c a t i o n  p r inc ip l e .  By c l o s e  a t t e n t i o n  t o  r e a l -  
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i s t i c  physical p r i n c i p l e s  we cons t ruc t  a model t h a t  does 
no t  use t h i s  hypothesis  but produces i n  numerical s t u d i e s  
the observed concent ra t ion  g rad ien t  and an  amplif i c a t i o n  
of t h i s  e f f e c t  w i th  length .  A much weaker assumption than 
s i m i l a r  ones made i n  o t h e r  models, t h a t  two s a l t  con- 
c e n t r a t i o n s  take  on s t a t i o n a r y  va lues ,  causes a l i n e a r  
i n i t i a l  value problem € o r  a (2x2) f i r s t  o rder  ord inary  
d i f f e r e n t i a l  equat ion system t o  rep lace  a (4x4) f i r s t  
o r d e r  p a r t i a l  d i f f e r e n t i a l  equat ion system. Basic mcch- 
anisms used such a s  back d i f f u s i o n  were of no importance 
i n  previous square law models. 
1. In t roduct ion .  A kidney can t o  some ex ten t  be char-  
a c t e r i z e d  a s  a n  aglomeration of nephrons, t he  nephron 
being a t i n y  t u b u l a r  u n i t  respons ib le  f o r  chemical pro- 
ces s ing  of the  blood. I t  fo rms  from the  blood a c e l l - f r c e  
f i l t r a t e  and concen t r a t e s  i t  t o  a u r i n e  while a t  t he  same 
time c o l l e c t i n g  the  r e s i d u a l  f o r  e x c r e t i o n .  One f e a t u r e  
of t h e  nephron i n  h ighly  developed organisms i s  t h a t  t o  a 
very la rge  e x t e n t  t he  blood components which a r e  essent ia l .  
t o  l i f e  a r e  f i r s t  passed i n t o  t h e  F i l t r a t e  (being prepared 
f o r  exc re t ion )  and then r e t r i e v e d  o r  reabsorbed by the  
organism. I t  was contended by t h e  l a t e  Homer W .  Smith [;I9 
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dean of rena l  a u t h o r i t i e s ,  t h a t  t o  understand why t h i s  
should be one must undertake a s tudy of the  evolu t ion  of 
the  kidney. We w i l l  not here  pursue the  sub jec t  i n  t h i s  
manner but  r a t h e r  only t r y  t o  understand the gross  prop- 
e r t i e s  of the  nephron mechanism a s  it now opera tes  i n  
mammals and b i r d s .  Really w e  take the  much more l imi ted  
purpose, t o  c o r r e c t  c e r t a i n  assumptions formerly made i n  
the  a n a l y s i s  of the  nephron mechanism so t h a t  they conform 
closely t o  realistic physical  p r i n c i p a l s .  
take a smewhat d e t a i l e d  a n a l y s i s  of the func t ion  of one 
p a r t i c u l a r l y  i n t e r e s t i n g  p o r t i o n  of t he  nephron, the  
loop of Henle. 
We then under- 
Among the  many blood components f i r s t  f i l t e r e d  and then 
r e t r i e v e d  (some i n  minute amounts) the  p r inc ipa l  ones by 
volume and weight a r e  simply water  and s a l t  (sodium chlo-  
r i d e )  [7] , [9], [SI. Transport  of these  two most  common of 
m a t e r i a l s  so dominate the p i c t u r e  of opera t ion  of the  neph- 
ron t h a t  many au thors  have f e l t  one could adequately re- 
present  t he  gross  p rope r t i e s  of nephron func t ion  i n  an 
analysis  which anec Rot acknowledge the presence nf other 
p a r t i c i p a t i n g  components. 
under t h i s  viewpoint ,  a l though we  a r e  w e l l  aware t h a t  
some o t h e r  au tho r s  have chosen t o  t r e a t  a th ree  o r  more 
In our  t reatment  we operate  
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component system 1 2 1 .  
Of perhaps 10 nephrons [7] , [ll, t h i s  being approximately 
one half the number a v a i l a b l e  f o r  processing the  blood 
volume. The blood i s  processed severa l  t imes i n  one day 
[7] and a l i t e r  o r  two only of concentrated waste products 
a r e  thus produced. Since the  t a s k  i s  of Herculean pro- 
po r t ions  and a s i n g l e  nephron i s  so very t i n y ,  we could not  
say without s tudy how many more nephrons a r e  a v a i l a b l e  t o  
t h e  body than a r e  needed, but s i n c e  people very o f t e n  
l i v e  normal l ives  wi th  only one kidney, we  may regard the 
system a s  overdesigned i n  capac i ty  by a t  l e a s t  a f a c t o r  
of two. Of cour se ,  t o  regard the kidney exc lus ive ly  a s  
a n  excre tory  device without  recognizing t h a t  the  d i s -  
carding of non-reusable m a t e r i a l s  is  R secondary phase 
of i t s  r o l e  i n  processing the  blood and maintaining a 
workable blood chemistry environment f o r  t he  body, would 
be g ross ly  t o  underest imate  the  importance of t h e  kidney. 
Even i f  we a r e  n o t  of s u f f i c i e n t l y  p o e t i c  n a t u r e  t o  espouse 
the  t ene t  of Homer Smith t h a t  " the kidneys a r e  t h a t  of 
which philosophy i s  made", s t i l l  we  cannot  f a i l  t o  acknow- 
ledge t h a t  the kidneys a r e  a n  a b s o l u t e l y  b a s i c  u n i t  i n  
maintaining t h e  homeostat ic  c o n d i t i o n  of blood necessary 
One human kidney would be composed 
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f o r  the su rv iva l  of advanced organisms. The kidneys 
have been regarded a s  bas ic  u n i t s  i n  modern physiology 
s ince  i t s  founding in  the s p i r i t  of Claude Bernard, "a 
cons tan t  i n t e r n a l  environment i s  a necessary condi t ion  
f o r  an  u n f e t t e r e d  l i f e " .  t 
There is  perhaps a p o s s i b i l i t y  t o  ob ta in  an i n s i g h t  
i n t o  the  physiology of advanced organisms by not ing the 
d i f f e r e n c e  i n  the  nephron a s  a u n i t  of rena l  physiology 
and the  neuron as a u n i t  of neurophysiology. The neuron, 
just a s  the  nephron, is t h e  smallest func t ioning  u n i t  of 
a l a r g e  s t r u c t u r e ,  but  un l ike  the  kidney, a nerve s t r u c -  
t u r e  may involve such complex r e l a t i o n s  between i t s  u n i t s  
t h a t  i t s  o v e r a l l  func t ion  appears t o  be e n t i r e l y  unre la ted  
t o  the  func t ions  of i t s  c o n s t i t u e n t  p a r t s .  The func t ion  
of the  kidney s t r u c t u r e ,  on the  o t h e r  hand, seems t o  
a r i s e  l a r g e l y  a s  a massive superpos i t ion ,  o r  adding, of 
func t ions  of nephrons where, of course ,  we regard the  
t i s s u e  matr ix  of nephric tubules  t o  be an  i n t e g r a l  p a r t  
of the  nephron. We w i l l  f i n d  t h a t  i n  b i r d s  and mammals 
the  l a s t  s t age  of ur ine  concent ra t ion  (on which we in-  
tend t o  focus our  a t t e n t i o n )  is  accomplished by c r e a t i n g  
+ve ry  loose t r a n s l a t i o n .  
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a concent ra t ion  g rad ien t  i n  the medullary t i s s u e  of the 
kidney i n  which p a r t s  of nephrons a r e  embedded, and then 
allowing the  u r i n e  t o  be concentrated by osmotic e q u i l i -  
b r a t i o n  i n  c o l l e c t i n g  duc ts  loca ted  deep i n  t h i s  t i s s u e .  
Thus the concent ra t ion  g rad ien t  i n  p a r t  of the kidney 
t i s s u e  which i s  ou t s ide  the  nephric  tubule  does play a 
r o l e ,  and t h i s  might be a l i t t l e  d i f f i c u l t  t o  understand 
i n  terms of an i s o l a t e d  anal-ysis  of one nephron. More- 
over ,  some devices  e x t e r i o r  t o  the  nephric  tubule  ( d i s -  
t r i b u t e d  c a p i l l a r y  beds [2, p . 2 3 2 1 )  seem t o  be p a r t l y  
responsible  t h a t  concen t r a t ion  g rad ien t s  can he maintaincd 
i n  the  medullary t i s s u e  a t  s t a t i o n a r y  va lues  (see S t a t i o n -  
a r y  concent ra t ions  func t ions  cond i t ions  i n  t h i s  paper) .  
We w i l l  s e e ,  however, t h a t  as long a s  we a r e  c l e a r l y  a -  
ware of t hese  f e a t u r e s ,  an  i n t e l l i g i b l e  ana1ys:s of the 
mechanism of one i s o l a t e d  nephron i s  poss ib l e .  
The s a l i e n t  proper ty  of t h e  nephron, cons ider ing  
t h a t  i t  i s  a f l u i d  device ,  i s  i t s  extremely small s i z e ,  
and w e  propose here  f o r  t he  f i r s t  time t h a t  t h i s  accounts  
almost e n t i r e l y  € o r  i t s  e f f i c i e n c y  a s  a concen t r a t ing  and 
r e f i n i n g  u n i t .  In  previous ana lyses  t h i s  small s i z e  was 
t a c i t l y  ignored by t r e a t i n g  f l o w  through nephric  
t 
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tubules  t o  be e s s e n t i a l l y  inv i sc id .  
t he re  a r e  sound technical  reasons why the  kidney has 
evolved a s  a l a r g e  mass of t i n y  nephric  u n i t s  and not  
a s  a c o l l e c t i o n  of a few l a r g e  u n i t s .  In the  f i n a l  ana l -  
y s i s  t h i s  observat ion w i l l  be found t o  depend on the  very 
simple f a c t  t h a t  f o r  la rge  N, 
Here we propose t h a t  
4 4 N r  C< (Nr) . 
2. Gross p r o p e r t i e s  of f low i n  the proximal tubule .  ----
85A Gone 
Fig.  1. Schematic of gross  p r o p e r t i e s  _.- of a nephron - 
The nephron begins i n  the  glomerulus loca ted  i n  the 
Bowman's capsule  where pressure d i f f e r e n c e s  ac ross  the  
membrane s t r u c t u r e s  from c a p i l l a r i e s  t o  an adjacent  
nephron (aided by osmotic t r a n s p o r t )  cause the  passage of 
a f i l t r a t e  of blood plasma i n t o  the  nephron, and a pressure  
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i s  b u i l t  s u f f i c i e n t  t o  push the  f l u i d  through a Long t i n y  
tubule  t o  i t s  d e s t i n a t i o n  i n  the c o l l e c t i n g  duct .  AS we 
see i t ,  a pressure which i s  s u f f i c i e n t  t o  t h i s  t a sk  also 
ought t o  be s u f f i c i e n t  t o  compl.ete the e n t i r e  refinement 
o r  concentrat ion of the  u r ine  whereas i n  former analyses  
it was deemed necessary ( f o r  a p a r t  of t h i s  passage) t o  
hypothesize an ex t r a  expendi ture  of extraneous energy i n  
performance of a small a c t i v e  ex t rus ion  of sodium from 
d 
the  nephric  tubule  t o  i t s  ambient t i s s u e .  In a t  l e a s t  
one a n a l y s i s  L2,  p.233J the  e f f e c t s  of transmural pressure 
a 
i n  moving s o l u t e s  and so lvent  through the  wa l l s  was ignored 
whereas t h i s  mechanism appears  t o  u s  t o  be the p r i n c i p a l ,  
o r  a t  l e a s t  the  key o r  t r i g g e r i n g ,  f a c t o r  involved. If 
the  glomerular pressure  head is ,  indeed, no t  l a rge  enough 
f o r  the purpose of refinement of the  u r i n e  ( i t  was so  
claimed by the  p r inc ipa l  au thor  i n  t h i s  a r e a ,  Werner Kuhn, 
see [I]) then we contend t h a t  i t  probably a l s o  cannot be 
l a r g e  enough t o  d r i v e  the  f l u i d  t o  i t s  d e s t i n a t i o n ;  one 
would thus have t o  hypothesize s t i l l  another  mechanism 
f o r  pumping u r ine  through the  nephr ic  tubule  i n  order  t o  
explain the observed volume f low r a t e  t o  the  c o l l e c t i n g  

9 
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ducts .+ The nephric  tubule  i s  so small t h a t  i t  would 
almost seem problematical  whether a given pressure  head 
would d r i v e  the  f l u i d  p r i n c i p a l l y  down the  channel course 
o r  p r i n c i p a l l y  through l a t e r a l  pores  i n  the  e p i t h e l i a l  
l a y e r  which i s  semipermeable t o  water .  Actual ly ,  i n  
the  segment of the  tubule proximal t o  the  glomerulus a 
good dea l  of water is  dr iven through the  wal l s  by the  
pressure  head, and the  sodium ions fol low by osmosis, 
serving t o  carry a long  the  c h l o r i d e  ions,  aga in  by os- 
UI08k#. In t h i s  manner, i n  the  course of t he  t r a v e l  of 
t he  proximal segment of the  tubule  a lone ,  80085% by 
volume of the  water  and s a l t  L2, p.2281, p, p.1431, 
[I, p.5531 passed i n t o  the  f i l t r a t e  a t  the  glomerulus 
i s  reabsorbed aga in  i n t o  the  ambient t i s s u e ,  while the  
u r i n e  i n  the  channel r e t a i n s  the  same osmotic concentra-  
t i o n  a s  t he  general  blood plasma. This i s  e s s e n t i a l l y  
the  t o t a l  p i c t u r e  of the mechanism of a p r imi t ive  
nephron, bu t  i t  i s  not  f o r  the  nephron of a b i r d  o r  
mama1 which i s  capable of forming a u r ine  t h a t  i s  
'Kuhn feels  t h a t  e lectromotive f o r c e s ,  not  y e t  understood 
D, p.5551, a r e  involved i n  forming the observed glomerular 
pressure  head which he says i s  somewhat l a r g e r  than can be 
accounted f o r  on the bas i s  of blood pressure e f f e c t s  a lone.  
hypertonic  t o  the  blood plasma. Were i t  no t  f o r  the  
l a r g e  percentage,  by volume, of water pumped through 
t h e  wal l s  i n  the  proximal segment, we could quick ly  
compute approximately what transmural pressures  a r e  
responsible  f o r  pumping the water through the wa l l s .  
From an observed, o r  surmised, volume flow r a t e  i n  the 
tubu le ,  t h e  average r ad ius  of t he  tubu le ,  and the  w e l l -  
known P o i s e u i l l e  law, we  could compute the  pressure  
g rad ien t  respons ib le  f o r  t he  flow r a t e  ( see  Phys ica l ly  
r e a l i s t i c  flow cons ide ra t ions  i n  t h i s  paper) .  But the  
P o i s e u i l l e  law says t h a t  the  volume flow r a t e  i s  pro- 
po r t iona l  t o  the  p re s su re  g rad ien t  t i m e s  the  f o u r t h  power 
of t h e  r a d i u s ,  and the  r ad ius  i s  so small t h a t  a l a r g e  
pressure  g rad ien t  would be necessary t o  achieve even a 
very very low volume flow r a t e  down the  channel.  Now if 
t h e  wal l s  of t he  proximal segment of t h e  tube were r i g i d  
and approximately impermeable, and t h e  f l u i d  incompressible ,  
9 
t h e  pressure would vary approximately l i n e a r l y  wi th  d i s -  
tance down t h e  tube from i t s  va lue  a t  t he  glomerulus t o  
i t s  value a t  t he  f a r  end of t h e  proximal segment. Know- 
ledge of one of t hese  two p r e s s u r e s ,  of cour se ,  and the  
pressure g r a d i e n t ,  would g ive  a n  approximate va lue  of the  
I. 
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o t h e r ,  and t h i s  l i n e a r l y  varying pressure  i n  the tubule 
minus the pressure  i n  the ambient t i s s u e  would be the  
transmural pressure  ava i l ab le  f o r  pumping water l a t e r a l l y .  
Progress ive ly  l e s s  water would be pumped through the wa l l s  
a s  the  u r i n e  approached the  f a r  end of the proximal seg- 
ment. Actua l ly ,  of course,  the l a r g e  amount of water 
pumped l a t e r a l l y  i n  t h e  proximal segment i s  a c lue  t o  a 
s i g n i f i c a n t  pressure  r e l ease  i n  the  channel so the 
amount of pressure  a v a i l a b l e  for l a t e r a l  pumping is 
diminished g r e a t l y  from w h a t  would seem t o  be a v a i l a b l e  
i n  t h i s  d i scuss ion  a s  the f l u i d  procedes down the  channel. 
Nevertheless ,  the  simple mechanism f o r  l a t e r a l  pumping 
should now be e n t i r e l y  c l e a r .  We repea t  for emphasis 
t h a t  whatever pressure  is a v a i l a b l e  f o r  pumping f l u i d  
down the  channel is  a l s o  a v a i l a b l e  f o r  pumping i t  through 
semipermeable wa l l s  i f  a lower pressure  obta ins  on the 
o t h e r  s i d e  of the  wall. I f  it does n o t ,  the tubule w i l l  
probably c o l l a p s e ,  block the  flow, and bu i ld  up a l a r g e r  
pressure  i n s i d e  the  channel t o  reopen flow both down the  
channel and through the channel wa l l s .  The small channel 
s i z e  shows t h a t  l a t e r a l  pumping i n  response t o  pressure  
g r a d i e n t s  a c r o s s  the w a l l s  cannot f a i l  t o  be a major 
1 2  
f a c t o r  i n  u r i n e  refinement.  
3 .  Gross  p r o p e r t i e s  i n  the  loop  - of Henle -- and the  c o l l e c t i n g  -- 
- duct .
g i n a l  f i l t r a t e  which emerges from the  proximal tubule  
In b i r d s  and mammals, t h a t  small p a r t  of the  ori- 
4 
e n t e r s  a c l o s e l y  folded h a i r p i n  shaped segment c a l l e d  the 
loop of Henle and thence passes  through t h e  d i s t a l  seg- 
ment and i n t o  t h e  c o l l e c t i n g  duc t .  I t  has  long been 
known [l] , [5], [fj , ITS) t h a t  t he  occurence of a loop s o  
cons t ruc ted  i n  b i r d s  aq.c%-.namrnals i s  c l o s e l y  a s s o c i a t e  wi th  
the  f a c t  t h a t  the& animals can form a u r i n e  which is  
5 
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hypertonic  t o  t h e  general  blood p l a s m .  Such a u r i n e ,  
however, i s  c e r t a i n l y  n o t  hypertonic  t o  t h e  t i s s u e  su r -  
rounding the  p lace  i n  t h e  body where i t  i s  c o l l e c t e d .  
Rather  it is c o l l e c t e d  i n  duc t s  o r  b a s i n s  wi th  semiper- 
meable e p i t h e l i a l  l a y e r s  t o  a l low f o r  osmotic e q u i l i b r a t i o n  
wi th  the ambient t i s s u e .  These d u c t s  a r e  bur ied  deep i n  
t h e  medullary t issue ( t h e  "deep" part of t he  kidney) 
where the ope ra t ion  of t h e  many loops of Henle cause a 
l a r g e  concent ra t ion  g r a d i e n t  t o  be maintained;  t he  osmotic 
concent ra t ion  i n  t h e  t i s s u e  surrounding t h e  c o l l e c t i n g  
d u c t s  being l a r g e ,  t h e  c o l l e c t i n g  d u c t s  (and d i s t a l  
1 3  
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tubules  leading t o  them) give up l a r g e  q u a n t i t i e s  of 
water  t o  the  surrounding t i s s u e ,  thus conserving t h i s  
item so e s s e n t i a l  (and, t he re fo re ,  necessa r i ly  compari- 
t i v e l y  r a r e )  t o  mammals and b i r d s  and producing a highly 
concentrated u r ine .  Micropuncture s t u d i e s  have shown 
[S, p.1051 t h a t  the  concentrat ion of the  u r ine  leaving 
through the  d i s t a l  end of the  loop of Henle is  not  s i g n i -  
f i c a n t l y  d i f f e r e n t  from that  en te r ing  through the  proximal 
end, and t h i s  is the  evidence that  the  s i g h t  of concen- 
tration must be, a s  ind ica ted ,  i n  the  c o l l e c t i n g  ducts .  
Moreover, micropuncture s t u d i e s  a l s o  show a n  increas ing  
osmotic concent ra t ion  ins ide  the  loop tubule ,  down the 
length  of the  loop,  and a similar one i n  the  t i s s u e  
su-rounding it. By what mechanism such a concent ra t ion  
g rad ien t  i s  c rea t ed  by flow i n  the  loop and d i f f u s i o n  wi th  
the  surrounding t i s s u e  w i l l  be the sub jec t  of t h i s  study. 
The reader  may a l r eady  no t i ce  t h a t  t he re  i s  probably no 
need f o r  cons ider ing  a s i g n i f i c a n t  change i n  t o t a l  vol-  
ume pumped i n  the  channel due t o  l a t e r a l  pumping i n  the  
loop ( a s  t h e r e  was f o r  the proximal segment), and t h i s  
s i m p l i f i e s  our  t reatment  of channel flow p rope r t i e s  i n  
the  loop. 
I 4  
Our model w i l l  d i f f e r  from former ones (see h19 
[SI, LgI, CZI) i n  f o u r  important respec ts :  ( i )  We 
u t i l i z e  viscous fLow prope r t i e s  because of the compelling 
necess i ty  produced by the ex is tence  of a very small 
r ad ius  of the  nephric  tubule .  ( i i )  We do 
( a s ,  f o r  example, i n  El])  a pressure which 
same with d i s t ance  down the  tubule  ( e i t h e r  
not  a s sume 
remains the 
on each branch 
- -  
of the  loop, a s  i n  Ll] , o r  on the  whole loop, a s  i n  L5J) 
because the  pressure  must vary a t  l e a s t  l i n e a r l y  w i t h  
d i s tance  (even i n  a r i g i d  tube f i l l e d  wi th  an incompres- 
s i b l e  f l u i d ) .  ( i i i )  We f i n d  no need t o  assume t h a t  the  
walls of the  ascending branch of the  loop a r e  l e s s  per-  
meable t o  water  than those of the  descending branch s ince  
the  pressure downstream i s  anyway much smal le r  than up- 
stream and i t  thus simply g ives  r i s e  t o  less pumping of 
water  through the  wal l s  downstream than upstream. A l s o  
the  ascending branch conta ins  a l a r g e r  channel pressure 
than the d i s t a l  tubules  and c o l l e c t i n g  duc t s .  ( i v )  We 
include e f f e c t s  of d i f f u s i o n  i n  the  channel and i n  the  
ambient t i s s u e .  (v )  We do n o t  f i n d  it necessary t o  
assume any a c t i v e  ex t rus ion  of sodium. Though i t  has 
of t en  been necessary i n  biological .  cons ide ra t ions  t o  
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assume some sort of active transport (and sodium is very 
of ten convenient to so involve), still active transport 
is an assumption to be avoided if possible since it in- 
dicates lack of knowledge of the fundamental mechanism. 
That sodium passes out of the nephric tubule is not 
under contention. We assume, in fact, that it follows 
osmotically the water which must be pushed out by pres- 
sure differences across the walls. Even if sodium is 
"actively extruded," we find that such an extrusion is 
not required in order to explain obsetved effects and 
that there is no reason to believe in such an extrusion 
taking place at 
previously been 
J. Sperber 
an isolated point exclusively as has 
hypothesized. 
[8] showed in an intensive comparitive 
study of various mammals that there is a strong relation 
between the level of urine concentration possible for an 
animal to produce and the lengths of loops of Henle in 
the animal's kidneys. Some desert animals that live 
almost exclusively on water of metabolism, ingesting 
almost no preformed water: possess extremely Long loops 
and produce urine which is virtually crystalline [Si. 
We obtain here a much stronger "concentration versus 
1. 6 
loop length" r e l a t i o n  than i t  has been poss ib le  t o  obtain 
from other  models except those t h a t  hypothesize a n  a c t i v e  
t r a n s p o r t .  Such models a r e  s a i d  t o  opera te  on a counter- 
c u r r e n t  m u l t i p l i c a t i o n  p r i n c i p a l ,  and a major concern i n  
such models i s  t h e i r  e f f i c i e n c y  h ,  p.5461. In  our  model 
no such concern w i l l  be manifest  s ince  we do not  u t i l i z e  
t any extraneous energy. 
4.  
c a t i o n  p r i n c i p l e .  
descr ibed i n  the  l i t e r a t u r e  may be unconscious i n s e r t i o n s  
Loop mechanisms ope ra t ing  - -  on a countercur ren t  m u l t i p l i -  
Some remarkable d i f f e r e n c e s  i n  loop models 
on t h e  p a r t  of t he  au thor .  
of d i f f e r e n c e s  i n  s t y l e  of expos i t i on .  The d iscourse  
These could perhaps a r i s e  out  
given in  P i t t s  [s] i s  l a r g e l y  intended f o r  a n  in t roduc to ry  
pedagogical purpose and emphasizes the  understanding of 
b a s i c  concepts i n  c u r r e n t  thought r a t h e r  than a c r i t i c a l  
examination of them. I t  i s ,  perhaps n e c e s s a r i l y ,  no t  
a l t o g e t h e r  compatible wi th  the  l a r g e l y  encyclopedic d i s -  
cussion given i n  [ s ]  by Wesson. Moreover, any au tho r  wi th  
only q u a l i t a t i v e  t o o l s  of d i s c u s s i o n  a t  h i s  disposal  cannot 
reach f o r  the  p r e c i s i o n  of s ta tement  ob ta inab le  i n  a d e t a i l e d  
# 
+Unless, as suggested a s  a p o s s i b i l i t y  i n  the  foo tno te  above, 
t h e  pressure  g r a d i e n t  i n  the  nephron does come from sources  
a t  p resent  unkown. 
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mathematical a n a l y s i s  of the  loop  mechanism. An exhaus- 
J 
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f 
t i v e  a n a l y s i s  of t h i s  type was at tempted by B. Hartigay 
and Werner Kuhn i n  [l]. 
mathematical a n a l y s i s  of the  loop mechanism a s  one e l e -  
A l s o ,  a suggest ive but  incomplete 
ment i n  modeling the  e n t i r e  rena l  co r t ex  and medulla w a s  
given by Jaequas, Carnahan, and Abbrecht i n  [2]. 
The Kuhn model. 
B. Hart igay and Werner Kuhn,expounding the  d e t a i l s  of 
operation and the  empir ical  f i nd ings  which l e n t  support  
The t r e a t i s e  111 (al ready  c i t e d )  by 
t o  the countercur ren t  m u l t i p l i c a t i o n  p r i n c i p l e  and sodium 
ex t rus ion  hypothesis  appeared a t  t he  culminat ion of an 
extended per iod of a c t i v i t y  of Werner Kuhn i n  t h i s  a r e a .  
All o t h e r  modern works a v a i l a b l e  t o  us  would seem e i t h e r  t o  
be extensions of h i s  i d e a s  o r  t o  be gross  desc r ip t ions  of 
them. We w i l l  f i n d  tha t  i n  order  t o  give a phys ica l ly  
r e a l i s t i c  t reatment  of flow and d i f f u s i o n  processes  i n  
the loop i t  w i l l  be necessary t o  depa r t  from the  Kuhn 
model i n  ways which a r e  so se r ious  a s  t o  cause us t o  
abandon the  countercurrent  m u l t i p l i c a t i o n  p r i n c i p l e  a l t o -  
ge the r  a s  a mechanism. However, the  geometry of the  loop 
w i l l  s t i l l  be fundamental i n  the  formation of a concen- 
t r a t i o n  g rad ien t  i n  the  medullary t i s s u e .  
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In  i t s  cons t ruc t ion  the  Kuhn model would seem t o  r e -  
vea l  the s t rong  inf luence  of l abora tory  (and, perhaps,  
i n d u s t r i a l )  appara tus  s ince  t h e  r o l e  of the ambient t i s s u e  
a s  t he  common intermediate  r e s e r v o i r  between branches of 
the  loop i s  d e l e t e d .  Ma te r i a l s  such a s  water  and s a l t  
a r e  simply passed d i r e c t l y  from one loop branch t o  the  
o t h e r  through t h e  i n t e r s t i t i a l  ma te r i a l  regarded a s  a some- 
what t h i c k  semipermeable membrane. The v e l o c i t y  i s  t a c i t l y  
assumed t o  be cons t an t  a c r o s s  the  channel by a s s ign ing  
Pressuie Oiivcri 
Ocrnclsl5 
c 
Fig.  2.  Kuhn model -
v e l o c i t y  i n  the  descending branch, and u 2 ’  
x 
u1 ’ values  of 
v e l o c i t y  i n  the  ascending branch, a t  va r ious  va lues  of 
i n  thc? measured from the  loop  en t rance .  The p res su re  P1 
descending branch and p i n  t h e  ascending branch a r e  
assumed cons t an t  down the channels  ( a s  wel l  a s  a c r o s s )  
2 
- p2 ,  occuring becausc 
P1 wi th  a l a rge  p o s i t i v e  d i f f e r e n c e ,  
1 9  
I '  
'I 
a narrow connecting tube a t  the  bottom of the  t w o  chan- 
n e l s  i s  assumed t o  provide a l a rge  drag.  
connecting tube does not occur i n  a nephron and i s  not  in-  
tended t o  e x i s t  phys ica l ly ;  i t  i s  introduced a s  a mathematical 
device f o r  absorbing a l l  change i n  pressure from the proximal 
t o  the  d i s t a l  end of the loop a t  one p o i n t ,  thus al lowing 
the d i f f e rence ,  PI - P*r between pressures  i n  the  two chan- 
n e l s  t o  be t r e a t e d  a s  a cons tan t  and m a t e r i a l l y  s implifying 
the  a n a l y s i s .  
The narrow 
Water is forced through the  semipermeable membrane 
separa t ing  the two branches of the  loop by the  constant  
d i f f e rence  of p re s su re ,  p1 
the membrane i s  assigned proport ional  t o  t h i s  pressure 
d i f f e rence  and Darcy's (empir ica l )  l a w  i s  thus invoked. A 
concept of osmotic pressure,  whereby the  e f f e c t s  of d i f f u s i o n  
a c r o s s  a membrane a r e  a t t r i b u t e d  t o  a n  equivalent  pressure 
d i f f e r e n c e ,  i s  introduced t o  account f o r  the  movement of 
s o l u t e  mass i n  t h e  d i r e c t i o n  of a concent ra t ion  d i f f e rence  
a c r o s s  the membrance, and through t h i s  a r t i f i c e  the pro- 
c e s s  of osmosis is  a l s o  t r e a t e d  by Darcy's law. This 
t reatment  of osmosis allows a l l  d i f f e r e n t i a l  equat ions t o  
be solved by quadratures ,  and the assumption t h a t  p 
. .4 r a t e  of f low through - p2 
1 - p2 
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i s  cons tan t  (no t  varying wi th  d i s t ance  x )  makes these  
quadratures  y i e l d  except iona l ly  simple l i n e a r  r e s u l t s .  
I t  then becomes poss ib l e  t o  handle the mathematics of the 
model with extremely elementary manipulative t o o l s ,  and 
t o  ob ta in  such a n  end would seem t o  be the purpose oE the 
h igh ly  s impl i f i ed  na tu re  of the  assumptions. They have 
the  advantage of g iv ing  e x p l i c i t  r e s u l t s  i n  terms of para- 
+ meters so t h a t  t he  e f f e c t s  of varying some of the  parameters 
can be seen without  ex tens ive  numerical s t u d i e s .  In  p a r t i -  
c u l a r ,  l i m i t i n g  va lues  of parameters a r e  r e a d i l y  obta inable .  
4 
The simple d i f f e r e n t i a l  equat ions  used i n  [IJ a r e  b 
obtained by reasoning t h a t  t he  t r a n s f e r  of water  a c r o s s  
the  membrane s e p a r a t i n g  the  two channels  causes  a n  increase  
i n  v e l o c i t y  i n  the  channel i t  i s  t r a n s f e r e d  t o  (and a de- 
c r e a s e ,  i n  t he  channel it i s  t r a n s f e r e d  from). Back 
d i f f u s i o n  i n  t h e  channels  i s  ignored,  a s  i s  the  e f f e c t  of 
channel f low i n  br inging  ma te r i a l  down t h e  channel of a 
d i f f e r e n t  concent ra t ion .  We c a l l  t h e  l a t t e r  the  P i t t  e f f e c t  
f o r ,  a s  we w i l l  soon see ,  t he  P i t t  model ope ra t e s  on t h i s  
e f f e c t  and a c t i v e  sodium e x t r u s i o n  only.  The assumptions 
i n  the  Kuhn model a r e  a l l  c o n s i s t e n t  w i t h  the  use of i n -  
L 
v i s c i d  p r o p e r t i e s  t o  desc r ibe  channel flow. 
2 1  
In  [l] it  i s  found t h a t  the  pressure d i f f e r e n c e ,  
- p2'  across  the  membrane required t o  produce empir i -  PL 
cal- ly  r e a l i s t i c  concentrat ion g rad ien t s  i n  the  loop i s  
f i f t y  atmospheres, an absurd f i g u r e  which would give 
a value t h a t  would bu r s t  a kidney. Therefore ,  an hypothe- 
s is  i s  made t h a t  a small a c t i v e  t r anspor t  of sodium ions 
from the  ascending t o  the descending branch takes  place.  
This causes  a v i r t u a l  s h o r t - c i r c u i t  of s a l t  ac ross  the  top 
of t he  loop and results i n  t h e  repeated r e c i r c u l a t i o n  of 
some s a l t  through the  bottom of the  loop. 
e f f e c t "  of a small t r anspor t  of sodium i s  mul t ip l i ed  severa l  
times and i n  [I] a demonstration is  presented which i s  in- 
tended t o  show t h a t  only a very small amount of sodium 
t r anspor t  i s  necessary t o  produce r e a l i s t i c  concentrat ion 
g rad ien t s  i n  the  loop channel. The ambient t i s s u e  con- 
c e n t r a t i o n  plays no r o l e ,  of course,  i n  t h i s  model; i t  is  
simply assumed t h a t  the ambient t i s s u e  takes  on immediately 
the  same concent ra t ion  a s  t h a t  i n s ide  the channel.  The 
r o l e  of the  d i s t a l  tubules  and the  c o l l e c t i n g  duct  i s  
modeled by the  i n s e r t i o n  of another  tube running along s ide  
the  ascending branch but wi th  a water  impermeable wal l  
s epa ra t ing  them. 
PI 
Thus the  "s ingle  
How t h i s  impermeable wal l  can be managed 
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i n  t he  nephron without des t roying  o t h e r  e s s e n t i a l  func t ions  
such a s  water communication between loop branches o r  the 
ascending branch wi th  ambient t i s s u e  seems t o  US t o  be 
problematical  . 
We a r e  t o l d  t h a t  some chemical i n d u s t r i e s  u t i l i z e  a n  
apparatus  which opera tes  on 3 countercur ren t  mu1 t i p l  ica t i o n  
p r i n c i p l e .  I f  these  devices  employ l a rge  Reynold's number 
f lows,  say because of the  use of extremely l a r g e  channel s ,  
and a mechanism f o r  pumping a chemical component of the 
4 
flow from one channel t o  ano the r ,  then it  would appear t h a t  
t he  Kuhn a n a l y s i s  may be e s s e n t i a l l y  c o r r e c t ,  but due t o  
the  tiny channel s i z e  occuring i n  a nephron, i t  cannot be 
expected t o  g ive  even a g r o s s l y  c o r r e c t  p i c t u r e  o€ kidney 
func t ion .  The c u r r e n t  l i t e r a t u r e ,  then should be mater ia l  1.y 
rev ised  i n  t h i s  p a r t i c u l a r  r e s p e c t .  
The P i t t  model.. In  the P i t t  model [S] the  ascending limb 
Fig.  3 .  P i t t  model 
. 
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i s  assumed impermeable t o  water ,  bu t  the  i n t e r s t i t i u m  (am- 
b i e n t  t i s s u e )  i s  recognized, a s  i t  was not  by Kuhn, t o  form 
a r e s e r v o i r  f o r  s a l t  and water .  Thus sodium ions ,  followed 
by ch lo r ide  ions ,  a r e  a c t i v e l y  t ranspor ted  from the  ascend- 
ing branch t o  the  i n t e r s t i t i u m ,  increas ing  s a l t  concent ra t ion  
the re  and causing both a pass ive  movement of s a l t  from the 
i n t e r s t i t i u m  t o  the descending branch and a passive move- 
ment of water  from the  descending branch t o  the  i n t e r s t i t i u m .  
No pres su re  d i f f e r e n c e s  a c r o s s  walls occur  i n  th is  model, 
back osmosis is  ignored i n  both channel branches a s  well  as  
i n  t he  i n t e r s t i t i u m ,  and t h e  p r i n c i p a l  e f f e c t  used by Kuhn, 
of the  water  volume t r a n s f e r  on channel v e l o c i t y ,  i s  ignored. 
The only e f f e c t  acknowledged i n  the  model o the r  than a c t i v e  
t r a n s p o r t  and osmosis, i s  the  e f f e c t  of channel flow bringing 
ma te r i a l  of a d i f f e r e n t  concent ra t ion  i n t o  a given cross 
sec t ion .  Vivid p i c t u r i z a t i o n s  of t h i s  e f f e c t  a r e  given 
by P i t t s  [5, p.1063, and, i n  f a c t ,  one may well  f e e l  t h a t  he 
does not  understand the  importance of t h i s  e f f e c t  u n t i l  he 
studies these  p i c t u r e s .  Apparently Kuhn l e f t  ou t  t h i s  
e f f e c t ;  t o  include i t  i n  h i s  mathematical a n a l y s i s  would 
r equ i r e  the  inc lus ion  of g r a d i e n t s  of concentrat ion i n  h i s  
simple d i f f e r e n t i a l  equat ions and g r e a t l y  complicate them. 
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P i t t  gives no mathematical a n a l y s i s  i n  [5], but  h i s  p ic -  
t u r i z a t i o n s  a r e  convincing a s  t o  the e f f i c i e n t  operat ion 
of a mu1 t i p l i e r  p r i n c i p l e .  
The Jacques,  Carnahan, and Abbrecht model. The formula- 
t i o n  of a loop model i n  [Z] i s  q u i t e  incomplete s ince  it  
L 
is  only t o  be regarded a s  one small por t ion  of the formu- 
l a t i o n  of a d i f f e r e n t i a l  equat ion system which models the 
func t ion  of the  e n t i r e  co r t ex  and medulla t i s s u e ,  and, a l s o ,  9 
numerical and a n a l y t i c a l  s t u d i e s  of t h i s  system a r e  n o t  in- 
eluded. 
* 
The model t r e a t s  of f o u r  quantit ies,  water  volume and 
s a l t  concentrat ion i n  the  channel and i n  the  ambient t i s -  
sue. Four d i f f e r e n t i a l  equat ions a r e  then w r i t t e n  f o r  t i m e  
f l u x  of water  volumes and s a l t  masses. We found t h i s  t r e a t -  
ment suggest ive and have adopted i t  i n  our formulat ion 
below. Almost a l l -  o t h e r  f a c e t s  of our formulat ion a r e  d i f -  
f e r e n t .  In [Z], because the  channel s i z e  i s  small, i t  is 
argued t h a t  the v e l o c i t y  may be t r e a t e d  a s  cons tan t  across 
the  channel,  thus e s s e n t i a l l y  u t i l i z i n g  an  i n v i s c i d  model 
All pressure g rad ien t s  a r e  ignored,  and it i s  s a i d  t h a t  
' ' the flow is assumed t o  be bulk displacement type". 
d i f f u s i o n  and the  P i t t  e f f e c t  of t he  channel flow br inging  
Back 
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material of another concentration down the channel is ignored. 
In fact, all factors are ignored except active extrusion of 
sodium ions and osmosis of a number of filtrate compounds. 
It is assumed that all quantities, the two volumes as well 
as the two concentrations, reach stationary values. We be- 
lieve this is too much to assume; in our model only the 
concentrations (channel and ambient) are assumed stationary, 
and these assumptions alone give us the existence of a uni- 
que solution in our model. In our model, the other assumptions 
would yield sets of inconsistent results. 
Actually, the equations given in [Z] allow for a 
multicomponent system, in which case the number of unknowns 
and equations are appropriately increased. 
5 .  Physically realistic fluid considerations. Continuum 
model flows of incompressible fluids in tubes with rigid 
walls depend (in the sense of the Buckingham Pi Theorems) 
on two dimensionless parameters only, 
vr Re = and 
the first, the Reynold's number, being the one that is 
best known and most generaiiy held responsibie for fiuid 
dynamic phenomena. Here v is point velocity, r is radius 
26 
of channel,  and v = v/d i s  the  kinematic v i s c o s i t y  co- 
e f f i c i e n t  where d i s  d e n s i t y  and IJ i s  the v i s c o s i t y  
c o e f f i c i e n t ,  and k i s  frequency of a pe r iod ic  pressure 
grad ien t  ( o r  poss ib ly  a Four ie r  component of a pressure 
grad ien t  func t ion  varying wi th  time i n  a more complicated 
fash ion) .  Of cou r se ,  i f  t he  flow can be t r e a t e d  a s  s t a t i o n -  
a r y  (time independent),  then it w i l l  depend on the Reynold's 
number only.  I f  t he  wa l l s  of t he  tube a r e  compliant,  then 
a number of o t h e r  dimensionless parameters a c t u a l l y  become 
involved, bu t  f o r  a very small r ad ius  and even moderately 
small v a r i a t i o n s  of r a d i u s ,  these  need no t  be s e r i o u s l y  
considered ( see  [4]). 
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In  the  case  of a flow through a nephr ic  t ubu le ,  because 
of t he  e f f e c t s  of both small $- and r ,  the  e f f e c t s  of the 
2 dimensionless parameter a can c l e a r l y  be ignored. We see 
then from t h e  Reynold's number t h a t  e f f e c t s  of small r ad ius  
can be i d e n t i f i e d  wi th  e f f e c t s  of l a r g e  v i s c o s i t y .  Thus the  
occurence of a t i n y  r a d i u s  c l e a r l y  demands t reatment  of t he  
flow a s  v iscous  ( i . e . ,  t h a t  any t rea tment  of t he  flow does 
no t  d e l e t e  t he  e f f e c t s  of v i s c o s i t y ) .  That t h i s  should be 
the  case can be understood i n t u i t i v e l y  wi thout  knowledge O f  
the  Reynold's number by no t ing  t h a t  t h e  v i s c o s i t y  is a shea r  
c 
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stress between l aye r s  of f l u i d  (and does no t  a l low l a y e r s  
t o  s l i p  by each o t h e r ) .  Since the  wal l s  a r e  f i x e d ,  the  
f l u i d  next  t o  the  wa l l s  cannot move and t h i s  e f f e c t  must 
feed from one l a y e r  t o  the next  through the  f l u i d .  Thus 
only a t  a l a rge  d is tance  from the  wal l s  could one poss ib ly  
conceive t o  t r e a t  f low a s  i nv i sc id .  But i n  the  case of a 
small r ad ius ,  the flow ins ide  a tube never can g e t  f a r  from 
the  w a l l s ,  and, thus,  only viscous flow treatments  can be 
j u s t i f i e d  i n  channels of small rad ius .  
Since f o r  viscous flow, the  flow v e l o c i t y  must vanish 
a t  the  wal l s ,  it cannot be cons tan t  ac ross  the  channel f o r  
it would then vanish everywhere and no flow could occur. 
For time-independent flows of incompressible f l u i d s  i n  r i g i d  
wal l  channels ,  the  v e l o c i t y  r igorous ly  takes  on a parabol ic  
p r o f i l e  ac ross  the  channel,  r i s i n g  from zero a t  the  wal l s  
t o  i t s  maximum i n  the  cen te r ,  and t h i s  p r o f i l e  i s  asympto- 
t i c a l l y  approached f o r  small channel rad ius  even f o r  t i m e  
dependent flows i n  moderately compliant channels.  This 
g ives  a f a r  d i f f e r e n t  p i c tu re  from the cons tan t  v e l o c i t y  
r a d i a l  p r o f i l e  assumed i n  inv i sc id  flow. For a cons tan t  
v e l o c i t y  p r o f i l e  the  volume flow r a t e ,  which i s  the i n t e g r a l  
of v e l o c i t y  over  a c ross  s e c t i o n ,  i s  obviously proport ional  
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2 t o  the  c ros s  sec t ion  a r e a ,  o r  t o  r while the volume 
flow r a t e  f o r  a parabol ic  p r o f i l e  t u rns  out  t o  be propor- 
t i o n a l  t o  r . In our loop cons idera t ions ,  the much smaller  4 . 
volume flow r a t e  assoc ia ted  wi th  viscous flow causes the 
t r anspor t  of f l u i d s  down the  channel by f l o w  t o  become small 
and al low the back d i f f u s i o n  of the s o l u t e  i n  the channel ,  
a f a c t o r  t h a t  was ignored i n  previous s t u d i e s ,  t o  become 
of r e l a t i v e  importance. A l s o ,  r e l a t i v e  t o  the  balance of 1) 
these  two opposing e f f e c t s ,  the  much smaller  e f f e c t  of d i f -  
fu s ion  i n  the  ambient t i s s u e  becomes important.  Furthermore, 
li 
because of the l a rge  p o t e n t i a l  of the  tube t o  r e s i s t  a 
change i n  volume flow r a t e  due t o  a change i n  pressure ,  the 
change of v e l o c i t y  i n  the  tubule  due t o  volume t r anspor t  
a c r o s s  the  wa l l s  i s  very much smaller  than before .  In  f a c t ,  
t h i s  e f f e c t ,  which was a major f a c t o r  i n  the  Kuhn modeL, is 
now t o  be ignored. 
I n  L4] and [5] it  was shown t h a t ,  ignoring shor t - l ived  
t r a n s i e n t s ,  the  volume f low r a t e  f o r  even a time dependent 
flow of an  incompressible f l u i d  i n  a channel of small r ad ius  
i s  given simply by 
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where f ( t )  i s  the  time dependent pressure  g r a d i e n t t ,  and 
f o r  a n  extremely t i n y  rad ius  t h i s  i s  also t r u e  i f  the  tube 
has  compliant wa l l s .  T h i s  i s  simply t h e  time dependent 
P o i s e u i l l e  law which i s  v a l i d  f o r  small channels.  
One comment of d e f i n i t i v e  i n t e r e s t  here must now be 
made. The above f o r t h  power law i s  v a l i d  f o r  flows i n  
channels of even moderately small r ad ius  and of moderately 
small compliance -- probably even f o r  blood flow i n  the  
b r a c h i a l  or femoral a r t e r i e s  of man (bu t  no t  i n  the  a o r t a ) .  
In t h e  extreme c a s e ,  however, of flows i n  channels wi th  
t i n y  r a d i i ,  we  have not iced t h a t  even a very very small 
volume flow r a t e  can be maintained only by an  extremely 
l a r g e  d i f f e r e n c e  i n  pressure a t  t he  two ends of t he  channel 
whenever the  above f o r t h  power law i s  v a l i d .  Fo r tuna te ly ,  
f o r  blood flow i n  the  extreme case  of a t i n y  a r t e r i a l  r a d i u s ,  
(such a s  i n  a r t e r i o l s  o r  c a p i l l a r i e s )  such a law i s  n o t  
v a l i d  s i n c e  continuum models a r e n o t  v a l i d  f o r  t h a t  ca se ;  
t he  blood c e l l  t o  channel s i z e  r a t i o  i s  l a r g e  f o r  t i n y  
' f o r  f lows i n  r i g i d  tubes of l eng th  L ,  
the  i n l e t  p ressure .  P i  i s  t h e  o u t l e t  p ressure  and PO where 
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channels (approximately one o r  even more i n  some c a s e s ) .  
Actual ly ,  b1.ood e x h i b i t s  much less r e s i s t a n c e  t o  flow i n  
small channels than ind ica ted  by the  f o r t h  power law. We 
may specula te  t h a t ,  were i t  not  s o ,  evolu t ion  would have 
provided us  w i t h  much l a r g e r  minimum s i z e  blood flow chan-  
n e l s  s ince the p re sen t  ones would provide a r e s i s t a n c e  t h a t  
would requi re  a n  excessive blood pressure  i n  order  t o  main- 
t a i n  volume flow a t  a minimum requi red  r a t e ;  organisms t h a t  
had a blood f o r  which the  f o r t h  power law was v a l i d  (even 
c 
* 
i n  small channels)  wou1.d thus probably have perished long 
since from t h i s  sphere.  
However, t he  glomerular f i l t r a t e ,  being f i l t e r e d  
blood,  i s  c e l l  f r e e .  I t  con ta ins  a t  best a few l a r g e  mole- 
c u l e s  and these  a r e  s t i l l  small compared t o  a nephric  
tubule  r ad ius .  
f o r  the presence of c e r t a i n  l a r g e  molecules -- f o r  example, 
albumin molecules -- i n  t he  u r i n e  a s  evidence of the  e f f e c t s  
of high blood p res su re  having forced  l a r g e  p a r t i c l e s  through 
the  glomerulus membranes, bu t  even the  presence of these  
molecules, which i s  t o  be considered a somewhat pa thologic  
condi t ion ,  does n o t  a f f e c t  our  conclusion:  A continuum 
model is  j u s t i f i e d  f o r  flow i n  t h e  nephr i c  t ubu le  and the  
The general  p r a c t i t i o n e r  (phys ic ian)  t e s t s  
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, 
% 
* 
, 
f o r t h  power law f o r  volume flow r a t e  must apply there .  
Moreover, t h i s  changes the na ture  of the  dominant e f f e c t s  
operat ing i n  the loop.  
Since nephric  tubule r a d i i  have been estimated t o  be 
between s i x  and t en  microns ( .006 - .OlOmm) we can see ,  a s  
noted e a r l i e r ,  t h a t  a tru1.y phenomenal d i f f e rence  between 
in l -e t  and o u t l e t  pressure must be b u i l t  up t o  send a f l u i d  
through a long s e c t i o n  of such a tubule  a t  even a small 
flow rate. As we have pointed out  e a r l i e r  t h i s  same pres-  
sure can be used a s  well t o  d r ive  f l u i d  through permeable 
wal l s .  I t  should be noted a l s o  t h a t  while the  ve loc i ty  can 
never be t r e a t e d  a s  constant  ac ross  the  channel f o r  f l o w s  
i n  small channels ,  the  pressure can and should be so t r e a t e d  
unless  non-zero c ros s  components of v e l o c i t y  a r e  thought t o  
be present .  A non-zero pressure g rad ien t  i n  a r a d i a l  d i r e c -  
t i o n  would give r i s e  t o  a r a d i a l  component of ve loc i ty .  - For 
flows i n  such t i n y  channels we take i t  here  t o  be i n t u i t i v e l y  
ev ident  t h a t  no s i g n i f i c a n t  r a d i a l  components of v e l o c i t y  
occur even under the  la rge  curvature  condi t ions  i n  the  
lower end of the  loop. ~ We thus t r e a t  the pressure a s  con- 
s t a n t  a c r o s s  the  channel and,  ignoring e f f e c t s  of compliance 
( f o r  such small channels) and the channel pressure r e l ease  
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due t o  l a t e r a l  t r a n s p o r t  ac ross  wa l l s  ( f o r  small amounts), 
l e t  the pressure  vary l i n e a r l y  from one end of the loop  t o  
the o ther .  
6 .  A pressure d r iven  loop mechanism. A s  i t  w i l l  t u rn  Out, 
i t  seems u n l i k e l y  t h a t  the  a c t u a l  d e t a i l s  of flow (such a s  
v e l o c i t y  p r o f i l e )  a r e  of any r e a l  importance i n  the  opera- 
t i o n  of the  loop mecliarism. One may thus be l ed  t o  conclude 
erroneously t h a t  i t  i s  of l i t t l e  importance whether one 
assumes v iscous  o r  i n v i s c i d  flow i n  t h e  nephr ic  tubule .  
That t h i s  is  n o t  t he  case  i s  because of t he  f a c t o r s  pointed 
out  above: t o  o b t a i n  even a small volume flow r a t e ,  a l a r g e  
pressure d i f f e r e n c e  i s  r equ i r ed ,  t h e  p re s su re  v a r i e s  a t  
l e a s t  l i n e a r l y  down t h e  tube (wi th  d i s t a n c e )  g iv ing  r i s e  
t o  a l a r g e r  transmural pressure  on t h e  ascending than the  
descending branch, and,  because of t h e  slow r a t e  of flow 
(compared t o  the  r a t e  of f low t h a t  such a pressure  d i f f e r e n c e  
would produce i n  a n  i n v i s c i d  f l u i d ) ,  the  mechanism of back 
d i f f u s i o n ,  both w i t h i n  t h e  tubule  and o u t s i d e  i t ,  become 
inpor t an t  wh i l e ,  because of l a r g e  d rag ,  t he  change of f l u i d  
v e l o c i t y  i n  the  tube due t o  f l u i d  being pumped i n t o  and ou t  
of the  tube ( t h e  "Kuhn" e f f e c t )  becomes n e g l i g i b i e .  
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Much more water  i s  pumped l a t e r a l l y  out  of the wal ls  
a t  the  top of the descending branch of the loop than out of 
the  bottom of the descending branch, and t h i s  would seem t o  
c r e a t e  a higher  concentrat ion of s a l t  i n  the top than i n  the 
bottom of t h i s  branch,  exac t ly  the  opposi te  of what i s  ob- 
served i n  na ture .  However, severa l  o t h e r  processes  a r e  a t  
work here .  The channel ,  which a f t e r  a l l  should account f o r  
a good deal  more movement of f l u i d  than l a t e r a l  pumping ac-  
counts f o r ,  is cons tan t ly  moving the  h igher  concentrat ion 
material downstream ( P i t t  e f f e c t ) ,  tending t o  reverse the  
s a l t  concent ra t ion  gradien t  i n  the  channel.  However, back 
d i f f u s i o n  is then working i n  the  channel a g a i n s t  the f l o w  
t o  t r y  t o  decrease the  magnitude of the concentrat ion gra-  
d i e n t ,  and, f i n a l l y ,  osmosis ac ross  the  e p i t h e l i a l  l aye r  t o  
the  ambient t i s s u e  is  a c t i n g  t o  move toward e q u i l i b r a t i o n  
wi th  the  ambient t i s s u e  which, i n  t u r n ,  communicates" w i t h  
the  o t h e r  branch and i n  which back d i f f u s i o n  i s  a l s o  taking 
place.  
I t  
Since more water  i s  d r iven  out  of the descending than 
the  ascending branch in to  the  common r e s e r v o i r  of ambient 
t i s s u e ,  t o  a t t a i n  equi l ibr ium with the  ambient t i s s u e  more 
sodium ions (followed by ch lo r ide  ions)  pass out  of the 
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ascending branch than would pass j u s t  t o  balance the water 
l o s s  out of t he  ascending branch. This then would seem t o  
cause the sodium concent ra t ion  a t  the top  of the branch t o  
be smal le r  than a t  the  bottom ( a s  we would l i k e  t o  see i t! ,  
but  the o t h e r  f a c t o r s  -- f o r  example, back d i f f u s i o n ,  and 
the  e f f e c t  of channel flow a s  mentioned above -- could e i t h e r  
des t roy  o r  r eve r se  o r  enhance t h i s  g rad ien t .  
There i s  a l r e a d y  so  complicated a p lay  of one e f f e c t  
a g a i n s t  ano the r  t h a t  i t  i s  hopeless  wi th  d i scuss ion  a lone  
t o  t r y  t o  understand whether o r  no t  t h e  mechanism we have 
descr ibed can produce the  observed e f f e c t s ;  i . e . ,  whether 
they can produce a n  inc reas ing  concen t r a t ion  down the  
l eng th  of the  loop and a m p l i f i c a t i o n  of t h i s  e f f e c t  wi th  
increased length .  Also, we must c l e a r l y  acknowledge t h a t  
a s a l t  concent ra t ion  g r a d i e n t  i n  the  r i g h t  d i r e c t i o n s  i n -  
s i d e  the channel branches w i l l  n o t  a f f e c t  a hypertonic  
concent ra t ion  i n  the  f i n a l  u r i n e  u n l e s s  a concen t r a t ion  
g rad ien t  i s  produced i n  the  ambient t i s s u e  i n  the  r i g h t  
d i r e c t i o n .  Obviously, w e  need some a n a l y s i s  i n  p r e c i s e  
terms. 
Af te r  l ay ing  down, t o  the  b e s t  of our  a b i l i t y ,  the  
model descr ibed above i n  the  d e s i r e d  p r e c i s e  terms and 
4) 
8 
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saying what kind of steady s t a t e  ( s t a t i o n a r y  concen t r a t ions )  
i s  assumed, we w i l l  provide d e t a i l e d  numerical s t u d i e s  
showing t h a t  i t  i s  poss ib l e ,  by making a s e n s i t i v e  a d j u s t -  
ment of parameters,  f o r  t h i s  mechanism t o  opera te  and produce 
the  observed r e s u l t s .  A t  l e a s t  t h i s  is  t r u e  w i t h i n  the  
range of our  very incomplete knowledge of parameters.  We 
invoke a s p e c i a l  p re judice  t o  the  observed r e s u l t s  i n  only 
one way; w e  assume, based on observa t ions  t h a t  concent ra t ions  
a t  t h e  t o p  of t h e  two loop branches are  n e a r l y  equa l ,  t h a t  
they a re  a c t u a l l y  equal throughout the  ‘Length of t hese  
branches. To do otherwise would lead  u s  t o  s tudy a system 
of d i f f e r e n c e - d i f f e r e n t i a l  equat ions ,  r a t h e r  than the  simple 
system of ord inary  d i f f e r e n t i a l  equat ions we end up wi th ,  
and thus  immensely complicate the  model. The more compli- 
ca t ed  model may be of i n t e r e s t  f o r  f u t u r e  s t u d i e s ,  bu t  j u s t  
now we  wish c l e a r l y  t o  e s t a b l i s h  f e a s i b i l i t y .  We invoke, 
a s  descr ibed  above, only those  p r o p e r t i e s  t h a t  a r e  gene ra l ly  
recognized t o  be phys ica l ly  reasonable  f o r  t he  phenomena of 
flow i n  small tubules  and f o r  d i f f u s i o n ,  osmosis, and flow 
through porous material (without knowingly r e j e c t i n g  any 
assumptions e i t h e r  except on the  b a s i s  of such c r i t e r i a ) ,  
and then d i scove r ,  without making any ad hoc assumptions 
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o t h e r  than the  s i n g l e  except ion j u s t  mentioned, t h a t  the 
model. so  acquired can produce the  observed r e s u l t s .  
Fig. 4 .  A pres su re  d r iven  loop  mechanism - 
We assume a l l  wa l l s  a r e  equa l ly  permeable t o  wa te r ,  
b u t ,  f o r  example, t h e  p re s su re  d i f f e r e n c e  a v a i l a b l e  f o r  
pumping water  L a t e r a l l y  a t  t he  t o p  of t he  ascending branch 
i s  very small compared t o  t h a t  a t  t he  top  of t he  descending 
branch, and, l i kewise ,  t he  transmural p re s su re  a v a i l a b l e  
i n  t h e  d i s t a l  t ubu le s  and c o l l e c t i n g  d u c t s  a r e  small com- 
pared t o  any of those i n  the  loop. 
We t r e a t  t h e  p re s su re  a s  c o n s t a n t  r a d i a l l y  a c r o s s  the 
channel ,  varying down the  l eng th  l i n e a r l y  from i t s  proximal 
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a t  e x i t .  'd a t  entrance t o  i t s  d i s t a l  value pP 
va lue  
We assume the re  is  no volume flow i n  the  ambient t i s s u e  
al though the re  i s  longi tudinal  d i f f u s i o n  t h e r e ,  and thus the 
i s  taken t o  be cons tan t .  The ambient Pa ambient pressure  
t i s s u e  i s  t r e a t e d  a s  though i t  were contained i n  a small. 
r ad ius  tubule .  This was a l s o  a f e a t u r e  of the Jacques,  
Carnahan, and Abbrecht model [2]. 
i s  assumed both i n  the  channel and 
Immediate mixing r a d i a l l y  
i n  the  ambient t i s s u e .  t 
This was assumed i n  a l l  previous works. I t  is  assumed that 
mass ra te  of change of sodium i n  response t o  a concent ra t ion  
g r a d i e n t ,  e i t h e r  ac ross  the wa11.s o r  down the channel o r  
l ong i tud ina l ly  i n  the  ambient t i s s u e ,  i s  simply proport ional  
t o  t h i s  g rad ien t  ( o r  d i f f e rence ) .  This i s  the usual  l i n e a r -  
i z i n g  assumption f o r  reasonably small changes of concent ra t ion  
( see  Handbook of Chemistry and Physics ,  48th e d i t i o n ,  The 
Chemical Rubber Co., 1967,  p. F-45). Water i s  assumed t o  
pass  through the  e p i t h e l i a l  l a y e r  of the  loop branches i n  
proport ion t o  a pressure d i f f e r e n c e  ac ross  t h i s  l a y e r  
(Darcy's law) and i n  proport ion t o  the r e l a t i v e  change of 
'Thus t h e r e  i s  no concentrat ion g rad ien t  perpedicular  t o  
the  w a l l s  e i t h e r  i n  the tubules  o r  i n  the ambient t i s s u e  
though t h e r e  i s  a concentrat ion d i f f e r e n c e  ac ross  the wal l s .  
This s i m p l i f i e s  our  formulat ion of osmosis. 
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sodium concentration. The relative change in sodium con- 
centration is introduced here so that the osmotic coefficient 
used for water would be dimensionally consistent with that 
used for sodium, the transport of water across a membrane 
by osmosis in one direction being physically equivalent in 
this model to the transport of sodium in the other direction. t 
We consider the variation of two quantities in the 
tubes: volume V, which is taken to be the volume of es- 
sentially water in a unit length (i.e., a cross section) 
of tube at position x and time t, and C, concentration 
of sodium in the tube at position x and time t, and 
the two similar quantities in the ambient tissue denoted by 
V and C . We thus write partial differential equations a a 
for 
V(x, t), C(x,  t) and V a (x, t), Ca(x, t) , 
the tube fluid volume and salt concentration, and ambient 
tissue fluid vol-ume and salt concentration: 
( 2 )  a(cv)/at = - Y(C - ca) - (F - Yl)a~/ax 
'In our model the two effects (if both can be said to oper- 
ate) are eventually included as the effect of one parameter. 
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( 3 )  a(c v ) / a t  = 2 y ( c  - c ) + y2aca/ax a a  a 
( 5 )  c ( x ,  t )  = c(2 a. - x ,  t ) ,  c a ( x ,  t )  = C a ( 2 e  - x ,  t )  
f o r  every t and f o r  0 5 x 5 2 II. Here - - 
a. 
F 
f 
U 
Y 
B 
yl 
and y2 
i s  length  of loop, 
i s  volume flow r a t e ,  
is  (Pp - pd)/(2e)  = ( (8p ) / (n r  ) )  F ,  the  t o t a l  p ressure  
g rad ien t  in  the  loop, 
is  the  permeabi l i ty  of t he  e p i t h e l i a l  l a y e r  t o  water ,  
i s  the  osmotic c o e f f i c i e n t  of the  e p i t h e l i a l  l a y e r  t o  
s a l t ,  
i s  the  osmotic c o e f f i c i e n t  of the  e p i t h e l i a l  l a y e r  
f o r  water  i n  response t o  a r e l a t i v e  grad ien t  of s a l t  
concent ra t ion  (see d iscuss ion  immediately above) ,  
i s  the  d i f f u s i o n  ( o r  osmotic) c o e f f i c i e n t  f o r  salt 
( i n  the  channel) ,  
i s  the  d i f f u s i o n  ( o r  osmotic) c o e f f i c i e n t  f o r  the  
ambient t i s s u e  t o  s a l t .  
4 
A s  We have pointed o u t ,  whiie the  voiume fiow i s  br inging 
s a l t  i n t o  a c r o s s  sec t ion  ( o r  u n i t  l eng th )  of tube,  the s a l t  
i s  f i g h t i n g  the  stream by d i f f u s i o n  (osmosis).  Thus occurence 
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of the  r a t h e r  remarkable f a c t o r  (F  - y1) of X/ax i n  
equat ion ( 2 ) .  
is  Small bu t  p o s i t i v e .  It  would be negat ive i f  r appeared 
i n  place of r 
It turns  out  t o  be important t h a t  t h i s  f a c t o r  
2 
4 i n  the  expression f o r  g e t t i n g  the flow r a t e  
F from the  pressure grad ien t  f (which i s  t h a t  
which i s  suppl ied by the o t h e r  physiological  condi t ions  
of the  body). In  s p i t e  of the  f a c t  t h a t  we a r e  aware, f o r  
Ilr example, t h a t  i n  the  presence of a high t i t e r  of a n t i d i u -  
r e t i c  harmone (ADH), a w i l l  change q u i t e  apprec iab ly ,  and 
t h a t  a l l  the  t i s s u e  parameters would be (and, i n  the  f u t u r e ,  
1 .  
should be) b e t t e r  t r e a t e d  a s  i n t r i c a t e  func t ions  determined 
from empir ical  d a t a ,  we t r e a t  them here a s  cons tan ts  i n  o r d e r  
simply t o  a t t a i n  our  goal t o  give an  explanat ion of the 
gross  p rope r t i e s  of the  loop mechanism. 
7 .  S t a t iona ry  concent ra t ion  func t ions  condi t ions .  We seek 
t o  determine the  concent ra t ions  C and Ca only ( i . e . ,  not  
V and Va) such that  they a r e  s t a t i o n a r y ,  
(6) x / a t  = ac a / a t  = o 
f o r  every t and f o r  0 2 x 2 2 a ,  and such t h a t  
4 I. 
3 
4 
plasma. Condition ( 5 )  r equ i r e s  t h a t  C be symmetric i n  
x .  
contained i n  a s i n g l e  tube of length  II being fed  by the 
two branches of the loop simultaneously so  t h a t  what may 
appear  t o  be a symmetry cond i t ion  on C i n  ( 5 )  i s  only 
a cond i t ion  t o  a s s u r e  uniform l a t e r a l  mixing, and both 
equat ions i n  ( 5 )  a r e  p a r t i a l l y  by way of explana t ion  of 
some of t he  d e t a i l s  i n  the d e r i v a t i o n  of equat ions ( 3 )  and 
( 4 ) .  Without assuming symmetry € o r  C our equat ions (1) 
through (4) would be quite considerably more complicated 
s i n c e  they would involve d i f f e r e n c e s  a s  w e l l  a s  der iva-  
t i v e s .  It  does no t  seem t o  be poss ib l e  t o  a t t a i n  smooth 
symmetry of C;  i . e . ,  such t h a t  aC/ax( L/2, t )  = 0. In  the  
more compl i c a t e d  (and more complete) d i f  f erence-dif  f e r e n t i a l  
equat ions model which would d e l e t e  t he  symmetry requi re -  
ment on C ,  f i r s t  o rde r  smoothness of C a t  x = k / 2  i s  
probably a t t a i n a b l e  bu t  n o t  here .  
The ambient t i s s u e ,  of course ,  i s  conceived of a s  being 
a 
I t  w i l l  t u r n  out  t h a t  cond i t ions  ( 6 )  ( 7 )  guarantee 
the  ex i s t ence  and uniqueness of func t ions  C and C We 
emphasize t h a t  i t  i s  not  assumed here  the  V and V a r e  
s t a t i o n a r y .  From the  uniqueness con ten t ion ,  (which w i l l  be 
c l e a r  i n  the  equat ions be low on the  b a s i s  of elementary 
a 
a - 
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theory) i t  i s  ev ident  t h a t  t h i s  would be too much t o  
assume; we f e e l ,  then ,  t h a t  the  avoidance of these  a s -  
sumptions i s  a s a l i e n t  f e a t u r e  of t h i s  work. The ques t ion  
a r i s e s ,  do the  s t a t i o n a r y  func t ions  C and C obtained 
here  evolve a s  s teady s t a t e s  from the  model (1 )  through 
( 5 ) ;  i . e . ,  w i th  any given i n i t i a l  va lues  would the C .2nd 
C p a r t s  of t h e  s o l u t i o n s  of (1) through ( 5 )  (with some 
appropr i a t e ly  chosen boundary cond i t ions  ) a sympto t ica  11 y 
approach s t a t i o n a r y  va lues?  Probably not .  I t  seems ap-  
parent  t h a t  o t h e r  "devices" w i l l  have t o  be present  t o  
wash away an excess  of water  o r  s a l t ,  expec ia l ly  i n  l i g h t  
of ou r  knowledge of the  l a r g e  flow of water  from nearby 
c o l l e c t i n g  d u c t s  which a c t s  s p e c i f i c a l l y  i n  response t o  
the  concent ra t ion  g rad ien t  nea r  t he  loop and tends t o  des-  
t r o y  i t .  In the  p a s t  i t  has been hypothesized t h a t  c e r t a i n  
"countercurrent  exchangers" [5, p . 1 l q  were respons ib le  f o r  
a drainage of t h e  t i s s u e ,  bu t  i t  would now seem reason- 
a b l e  t o  be l i eve  t h a t  " d i s t r i b u t e d  c a p i l l a r y  beds" [2, p.2321 
a r e  r e a l l y  r e spons ib l e  f o r  keeping the  t i s s u e  dra ined .  
propose here  t h a t  they cause t h e  s a l t  concen t r a t ions  t o  
reach and main ta in  a s t a t i o n a r y  l e v e l ,  a s  demanded i n  ( h ) ,  
while t h i s  would n o t  n e c e s s a r i l y  happen i n  our  model o t h e r -  
a 
a 
We 
4 3  
wise.  ’ We b e l i e v e ,  then, t h a t  equat ion ( 6 )  i s  a n  assump- 
t i o n  of our  model extraneous t o  ( I )  through ( 5 ) .  We make 
i t  because i t  seems biological . ly  cogent.  I t  i s  q u i t e  con- 
s i d e r a b l y  weaker than s i m i l a r  assumptions used elsewhere 
i n  t h e  l i t e r a t u r e .  
V and V a r e  a l s o  assumed t o  reach s t a t i o n a r y  va lues ,  
and t h e  Kuhn a n a l y s i s  i n  [I} i s  s t a t i c  throughout. Note 
t h a t  t he  volume of water can  change r a d i c a l l y  here  a s  long 
For example, a s  noted e a r l i e r ,  i n  [2] 
a 
as  t h e  masses of sodium change a p p r o p r i a t e l y  t o  maintain 
cons t an t  concent ra t ions .  
U t i l i z i n g  ( 6 ) ,  mult ip ly ing  (1) by C ,  and s u b t r a c t i n g  
it  from ( 2 ) ,  gives  
whi le  mul t ip ly ing  ( 4 )  by C and s u b t r a c t i n g  it from 
( 3 ) ,  g ives  
a 
We t hus  need only t o  solve t h e  ord inary  d i f f e r e n t i a l  
equat ions  ( 8 )  ( 9 )  w i th  s tandard i n i t i a l  condi t ions  ( 7 ) .  
‘Of cour se ,  while  such devices can a f f e c t  the concent ra t ion  
i n  t h e  ambient t i s s u e  d i r e c t l y ,  they cannot a f f e c t  d i r e c t l y  
t h e  concen t r a t ions  i n  the channels.  By what i n d i r e c t  means 
such devices  (say through a n  e f f e c t  on the  ambient t i s s u e  
volume) can a f f e c t  the  s a l t  concent ra t ion  i n t e r i o r  t o  the  
channel w i l l  no t  be inves t iga t ed  here .  
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This can be accomplished numerically i n  a s t ra ight forward  
manner us ing  Runge-Kutta, proceding from x = 0 t o  x = II 
Because of the  l i n e a r i t y  of the equat ions ( 8 )  ( 9 ) ,  s ince  
they s a t i s f y  c e r t a i n  theorems on Fuchsian type,  we cou1.d 
so lve  the equat ions by power s e r i e s  ( o r  perhaps by o t h e r  
elementary means). 
no t  worth t h e  e f f o r t  i n  view of our b e l i e f  t h a t  f u t u r e  in-  
v e s t i g a t i o n s  w i l l  show t h a t  some of the  laws used above 
should be replaced by ones t h a t  a r e  h ighly  non l inea r .  
This has seemed t o  be ponderous and 
4 Remark. The f a c t  t h a t  y l 9  y2 ,  and F = (rr / ( 8 ~ ) ) * f  a r e  
small would no t  j u s t i f y  dropping them from equat ions  ( 8 )  
and ( 9 )  ( o r  equat ions (I) through ( 4 ) )  because they mu1 - 
t i p l y  %/ax and aC /ax which a r e  observed t o  be l a r g e .  
Also these a r e  the  h ighes t  o rde r  d e r i v a t i v e s  appearing 
i n  ou r  d i f f e r e n t i a l  equat ions  and c e r t a i n l y  cannot be 
dropped without  c a r e f u l  s tudy.  We no te  from ( 8 )  and ( 9 )  
t h a t  smal.lness of y 2  and ( F  - Y ) give  our  sought f o r  1 
e f f e c t s  on concen t r a t ion  g r a d i e n t s .  
a 
(cu 
8.  Parameter s e l e c t i o n s .  We f i n d  t h a t  very  few of the  
va lues  of the  parameters we need a r e  r e a d i l y  a v a i l a b l e  
t o  US. However, some a r e  known, and reasonably i n t e l l i g e n t ,  
o r d e r  of magnitude, guesses can Se made f o r  t he  va lues  of 
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o t h e r s  so  t h a t  i n  the end only two remain t o  be d e t e r -  
mined. Of t hese ,  one i s  l eng th  of loop,  which i s  highly 
v a r i a b l e  and a r a t i o n a l  guess a t  t he  range i s  known; 
s p e c i f i c a l l y  w e  wish t o  compute the  v a r i a t i o n  of concen- 
t r a t i o n  p a t t e r n s  wi th in  t h i s  range of l eng ths .  The l a s t  
parameter,  y i s  se l ec t ed  so that t he  s a l i e n t  f e a t u r e s  
observed i n  loop opera t ion  -- a n  inc rease  of s a l t  concen- 
t r a t i o n  down the  l eng th  of the  loop both i n s i d e  the loop 
channel and i n  the ambient t i s s u e ,  and a n  ampl i f i ca t ion  
of t h i s  e f f e c t  w i th  loop l eng th  -- a r e  obtained.  These 
seem t o  be determined with s u r p r i s i n g  s e n s i t i v i t y  which 
2 '  
g ives  some confidence i n  t h e  manner of determinat ion of 
parameters and i n  the  v a l i d i t y  of the  model. 
Whenever v a r i a t i o n s  of our  parameters occur wi th  
temperature we have taken T = 25OC t o  be s tandard .  Then 
the  fol lowing va lues  a r e  quoted wi th  a n  accuracy t h a t  i s  
q u i t e  s u f f i c i e n t  f o r  our purposes. From the  Handbook Of 
Chemistry and Physics ,  48th e d i t i o n ,  The Chemical Rubber Co., 
1967, p. F-45, we have 
FE P U S  r i n i t c i  -5 
-0  ------ - = 1 . 5  x 10 'I 
From t h e  Handbook of Chemistry by N .  A .  Lange, McGraw-Hill, 
1961., 
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11 = .01 i n  cgs u n i t s .  
From the Biochemists'  Handbook, D .  van Nostrand C o . ,  Inc . ,  
1961, p.879, f o r  man 
c = . 3  i n  cgs u n i t s .  
0 
IJe have taken f o r  the r ad ius  
r - . O O l  c m  
which is twice the  value given by Kuhn [1, p.555) but 
which seems more r e a l i s t i c  according t o  the c u r r e n t  L i t e r -  
a t u r e .  We s t a r t  w i th  & given by 
E -  1 . 5  c m  
a s  used by Kuhn [I, p.5551, bu t  we f e e l  f r e e  t o  regard a 
lower va lue ,  say 1.1 c m ,  a s  s tandard s ince  among the  neph- 
rons found even i n  the  same kidney t h i s  value i s  h ighly  
va r i ab le  [8], and sometimes, a t  l e a s t ,  i t  i s  only c rude ly  
intended a s  an  average value i n  a whole kidney, being es -  
timated from measurements of t he  th ickness  of the  medul l a r y  
t i s s u e .  We use 
F = 1.6 x i n  cgs  u n i t s  
i n  order  t o  give a reasonab1.e de te rmina t ion  of the  p re s -  
sure  grad ien t  f .  When based on t h i s  value of F ,  t he  
pressure g rad ien t  comes ou t  t o  be 
f - .4142 x 10 i n  cgs  u n i t s ,  6 
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which i s  well. below half  a n  atmosphere and i s  a l t o g e t h e r  
reasonable cons ider ing  e i t h e r  the  reported observed pres-  
su res  i n  the  nephron o r  those t h a t ,  according t o  Kuhn, could 
be due t o  blood pressure e f f e c t s  a lone .  The value of F 
we use i s  c o n s i s t e n t  with var ious  va lues  quoted i n  Kuhn 
[I, p.555) , but  these seem t o  have been crudely d e t e r -  
mined from d a i l y  values  f o r  the whole kidney and knowledge 
of what percentage water i s  reabsorbed i n  the  d i s t a l  seg- 
ment and c o l l e c t i n g  ducts .  The parameter a i s  chosen t o  
be 
-11 
a = .4 x L O  i n  cgs  u n i t s  
t o  keep the  e f f e c t  of f i n  l a t e r a l  pumping down t o  
reasonable  l i m i t s .  The value was "obtained" by reasoning 
t h a t  a t  t he  end of t he  loop C would have a d e r i v a t i v e  
which i s  "close" t o  zero. Assuming i t  i s  zero i n  equa- 
t i o n  ( 8 ) ,  one ob ta ins  a rei-ation between C and C a t  
the  end of the  loop i n  terms of a ,  f and R. Then, 
knowing f and R, a value of a i s  taken s o  t h a t  a t  
t he  end of t he  loop C w i l l  no t  be too much smal le r  
than C. Our value of a cannot be compared wi th  the  
3 
a 
-6  
permeabi l i ty  f i g u r e s  given v a r i o u s l y  by Kuhn a s  3 x 10 
and 3 x 1.0 -lo because Kuhn's va lues  were obtained by 
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some computations from the  model, no t  from observa t ions ,  
and,  moreover, the  Kuhn value of a a p p l i e s  t o  the e n t i r e  
i n t e r s t i t i a l -  medium regarded a s  a somewhat t h i c k  wa l l .  I t  
i s ,  by the  a r t i f i c e  of introducing an  osmotic p re s su re ,  
made t o  account f o r  the  movement of masses of s o l u t e  i n  
response t o  a concen t r a t ion  g rad ien t  a s  w e l l  a s  t o  the  
movement of water  i n  response t o  a pressure  d i f f e r e n c e  
a c r o s s  the  wa l l .  
We imagine t h a t  i s  somewhat smal le r  than Y 1, 
although i t  must be admit ted t h a t  they a r e  no t  of compar- 
a b l e  dimensions, and,  t h e r e f o r e ,  choose 
+ B = . 2  i n  cgs u n i t s .  
We choose 
P d - P , ' ' ,  
a value t h a t  i s  t o  be regarded a s  r e a l l y  p o s i t i v e  but  
no t  a v a i l a b l e  t o  u s  i n  any b e t t e r  accuracy than t h i s .  I t  
i s  sure ly  accu ra t e  enough f o r  ou r  purpose but  no t  accu ra t e  
enough t o  desc r ibe  cond i t ions  i n  the  d i s t a l  segment o r  
t he  c o l l e c t i n g  d u c t s .  
41.1 these  va lues  a r e  now f rozen  i n  o rde r  t o  d e t e r -  
( d i f f u s i o n  coe f -  
y2 mine f r o m  cal.cu1.ations a va lue  of 
f i c i e n t  i n  the  ambient t i s s u e )  which w i l l  g ive  a Con- 
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c e n t r a t i o n  p r o f i l e  i n  the ambient t i s s u e  (and i n  the 
1 
c 
loop channels)  t h a t  corresponds t o  the  known gross  prop- 
e r t i e s .  Khen t h i s  appears t o  have been chosen, II w i l l  
be allowed t o  vary ,  and,  on the  b a s i s  of t h i s  r e su l - t ,  a 
w i l l  be chosen. y2 s l i g h t l y  d i f f e r e n t  value of 
w e  s e l e c t  the y2 In  o rde r  t o  s t a r t  our s ea rch  f o r  
dimens i o n l e s s  parameter t o  be one, thus ob- 
t a i n i n g  our  s t a r t i n g  value 
= 1 x i n  cgs u n i t s .  y2 
It will be seen from Table 1 t h a t  t h i s  i s  r e a l l y  a sur -  
p r i s i n g l y  good guess ,  but i t  g ives  somewhat overdramatic 
r e s u l t s .  I t  w i l l  be seen from Table 1 t h a t  our concentra- 
t i o n t i o n  p r o f i l e s  a r e  r e a l l y  extremely s e n s i t i v e  t o  the 
va lue  of 
be a poss ib l e  best choice. I t  i s  the  l a r g e s t  value of 
-6 
= 1.3  x l o  would seem t o  y 2  The value y2 
l i s t e d  t h a t  does not y i e l d  impossible (nega t ive)  
y 2  
va lues  of s a l t  concent ra t ion ,  and i t  a l s o  g ives  smooth 
symmetry € o r  C a t  t he  end of t he  1 oop. 
However, i n  Table 2 i t  can be seen t h a t  t he  v a r i a t i o n  
of loop l eng th  g ives  some impossible (nega t ive )  r e s u l t s  
( a t  
observed e f f e c t  of length.  
-6 Y 2  = 1 . 3  x 10 ) and e x a c t l y  the  opposi te  of the 
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-6  
= 1 .2?  x 10 . 
y2 
Table 3 shows v a r i a t i o n  of II with 
The r e s u l t s  a r e  somewhat more acceptab le  i n  t h a t  no impos- 
s i b l e  (nega t ive)  Val-ues f o r  concent ra t ions  a r e  obta ined ,  
bu t  the  e f f e c t  of varying II i s  small and i n  the wrong 
d i r e c t  ion. 
Table 4 shows remarkably good r e s u l t s  with r e spec t  
t o  varying t h e  loop length  a through the  values  
a. = 1 .7 ,  1 . 6 ,  1 . 5 ,  1 .4 ,  1 . 3 ,  1 . 2 ,  1 .1  c m  
a t  
Y = 1 . 2  x i n  cgs  u n i t s .  2 
This ,  of cou r se ,  corresponds t o  the  value of our  dimen- 
s ion1 e ss parameter 
4pparently the  ope ra t ion  of our  1 . 0 0 ~  mechanism i s  very 
s e n s i t i v e  t o  i t s  parameters,  and ,  when presented wi th  
o t h e r  parameters f i x e d ,  t h e r e  i s  a c r i t i c a l  value of 
y 2 *  
Then, i f  success  i s  t o  be obtained wi th  r e spec t  t o  the 
varying of ‘Loop 1-ength, t he  va lue  of 
away from the  c r i t i c a l  value -- n o t  too  f a r ,  however, o r  
ove r ly  dramatic r e s u l t s  qu ick ly  develope. 
y 2  must be moved 
9 .  Computational r e s u l t s .  Our computational r e s u l t s  a r e  
thus  contained i n  Table 4 w i t h  y 2  = 1.2 x IO-’ ( i n  cgs 
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u n i t s ) .  We ob ta in  
a 
Lr 
a t  R = 1.1 c m  a s a l t  concent ra t ion  i n  the  ambient 
t i s s u e  a t  t he  bottom end of t he  loop 
which i s  about 4% times t h a t  a t  the top  
end of t he  loop 
from 2 = 1.1 t o  1 . 7  a 400% increase  i n  s a l t  concentra-  
t i o n  a t  the  bottom end of t he  loop i n  
t h e  ambient t i s s u e  i s  obtained f o r  
about a 50% inc rease  i n  l eng th  of loop. 
In t r u n c a t i o n  e r r o r  checks a l l  answers agreed t o  a t  l e a s t  
the  th ree  d i g i t s  quoted. 
seemed t o  be good t o  e i g h t  d i g i t s .  
Actual ly ,  machine p r i n t o u t s  
In  Figure 5 the  r e s u l t  w i th  = 1.1 c m  i s  p i c tu red  
whi1.e i n  Figure 6 ,  t he  s a l t  concent ra t ion  a t  the  end of 
t he  loop i n  the  ambient t i s s u e  i s  p l o t t e d  versus  l eng th  of 
loop. 
We repea t  f o r  emphasis t h a t  t h e r e  i s  no ques t ion  
t h a t  sodium does leave  the channel through the  e p i t h e l i a l  
l a y e r s ,  but ,  i n  the  context  of our model, no a c t i v e  t r a n s -  
p o r t  of sodium i s  required t o  exp la in  the  observed e f f e c t s  
and t h e r e  i s  no evidence of ex t rus ion  a t  a n  i s o l a t e d  lo -  
c a t i o n  a s  requi red  f o r  the ope ra t ion  of a countercur ren t  
m u l t i p l i c a t i o n  p r i n c i p l e .  For the  t r u l y  viscous flow 
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t h a t  we have he re ,  i t  i s  even not  c e r t a i n  t h a t  the  
countercur ren t  p r i n c i p l e  would opera te  e f f e c t i v e l y .  
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